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ABSTRACT 
If A is an M-matrix with the property that some power of A is lower trimguh, 
then A is lower triangular. An analogue of the Minkowski determinant theorem is 
proved for a subclass of the M-matrices. 
An M-matrix is a square matrix whose off-diagonal entries are nonpositive 
and which has all positive principal minors. This definition is due to A. 
Ostrowski [3]. Recently, R. Plemmons gave forty equivalent characteriza- 
tions of M-matrices [4]. The purpose of this note is to draw attention to two 
rather unusual properties of this class of matrices. 
THEOREM 1. Suppose A is an M-matrix with the property that for some 
positive integer p, A P = L, where L is a lower- triangular mutrix. Then A is a 
lower- triangular matrix. 
Proof. Suppose p > 1. Since A is an M-matrix, it follows that A is 
invertible and A - ’ is a nonnegative matrix [3]. Thus, we obtain (A - ‘)P = 
L - ‘, and since L - ’ is lower triangular, we shall use this condition. 
Write CB=(A-‘)p-‘A-‘= L-l, and partition as 
where crl, b,,, and I,, are the (1,l) entries of C, B, and L-‘. 
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We have ciiB,, + C,,B,, = 0, and since all factors are nonnegative, we 
get crrB,,=O. Note that c,,>O, since C=(A-‘)PP1 and A-’ is the inverse 
of an M-matrix, so that all of its principal minors [including the (1,l) entry] 
are positive. Clearly, it follows now that err > 0, since A -’ is a nonnegative 
matrix. Thus we have B,,=O. Hence 
A-‘= 
where B,, has order, say, n - 1. Clearly 
where A,, has order n - 1. Note that 
AP= 
so we apply induction to the order of the matrices satisfying the hypotheses, 
and A is lower triangular. n 
The second property of M-matrices which we wish to discuss is moti- 
vated by Minkowski’s celebrated inequality for positive definite matrices. He 
proved [2] that if A and B are each nX n positive definite (symmetric) 
matrices, then 
~A~““+~B~““< IA+Bj”“, (1) 
where 1.1 denotes determinant. 
Clearly, if A and B are arbitrary M-matrices, then A + B can have a 
negative determinant, so (1) will not hold in general for M-matrices. In 
private conversations with the author, Miroslav Fiedler suggested condition 
(2) of the next theorem, which does in fact lead to a Minkowski-type 
determinantal result. 
THEOREM 2. Suppose each of A and B is an n X n M-matrix 
property: 
(2) there is a vector u > 0 such that Au > 0 and Bu > 0. 
with the 
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Then 
and 
Proof. Since Au >O, there is a positive diagonal matrix D such that AD 
is row diagonally dominant. In fact, D can be chosen as D = 
diag( ui, us, . . . ,u,) where the ui are coordinates of U. Similarly, for this same 
diagonal matrix D, we have that BD is row diagonally dominant, and also 
that (A + B)D is row diagonally dominant. Haynsworth [l] proved that if A 
and B are diagonally dominant n X n matrices with positive diagonal, then 
jA+BIbIAl+IBI. 
Hence we have I(A + B)D( > IAD( + (BD 1, and the first determinantal in- 
equality holds. Since IA - ‘I> 0 and 1 B - ‘I> 0, then we have 
(A-‘IIA+BIJB-‘(>IA-‘I{JAI+IBJ}(B-’I, 
and the second inequality follows. n 
We note the following concerning Theorem 2. If 
A=(; -:) 
and B is the transpose of A, then 
and we have JA+BJ>IA(+JBI. H owever, there does not exist u >0 such 
that Au>0 and Bu>O. 
Does an analogue of Minkowski’s strong inequality (1) hold in Theorem 
2? The answer is unknown to the author. It is known that strong row 
diagonal dominance does not necessarily imply (1). 
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